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On automorphic sheaves on Enn^ 

Sergey Lysenko 

Abstract Let V be a smooth projective connected curve over an algebraically closed field 
k of positive characteristic. Let G be a reductive group over fc, 7 be a dominant coweight 
for G, and E be an Gadic G-local system on X, where G denotes the Langlands dual group 
(over Qf). Let Bunc be the moduli stack of G-bundles on X. 

Under some conditions on the triple (G, 7 , E) we propose a conjectural construction of a 
distinguished A-Hecke automorphic sheaf on Bunc. We are motivated by a construction of 
automorphic forms suggested by Ginzburg, Rallis and Soudry in ElIZl. We also generalize 
Laumon’s theorem (cni, Theorem 4.1) for our setting. Finally, we formulate an analog of 
the Vanishing Conjecture of Frenkel, Gaitsgory and Vilonen for Levi subgroups of G. 

1. Introduction 

Let F be a number field, A be its ring of adeles. If G is one of the groups S02„_|_i, Sp2n 
S02„ then consider standard representation G ^ H of the Langlands dual group G, so here H 
is GL2n, GL2n+i or GL2n respectively. For an irreducible, automorphic, cuspidal representation 
r of H{A) satisfying some additional conditions, D. Ginzburg, S. Rallis and D. Soudry have 
proposed a conjectural construction of an irreducible, automorphic cuspidal representation a of 
G(A) which lifts to r (cf., [HllZj)- 

For example, consider G = S02„_|_i. Let V be a smooth projective absolutely irreducible 
curve over F^. Gonsider the Langlands dual group G = Sp2„ over Let H = GL2n over Fg, 
H = GL2n over The standard representation V of G is a map G ^ H = GL(V). 

Let E be an Gadic G-local system on X, assume that Ve is irreducible. According to [SI, 
theorem VII.6, irreducibility of Ve implies that End(VH;) is pure of weight zero. It follows that for 
each closed point x ^ X the local L-function L{Ex,Q, s) is regular at s = 1 , and the corresponding 
irreducible unramified representation of G{Fx) is generic. Here Ex denotes the completion of 
Fg(V) at X, and g = LieG. An analog of D. Ginzburg, S. Rallis and D. Sundry’s conjecture for 
function field is to predict that in the L-packet of automorphic forms corresponding to E there 
exists a unique nonramified cuspidal generic form tpE ■ BunG(Fg) ^ Qi (cf. | 7 |, Gonjecture on 
p. 809 and (SJ). 

In loc.cit. an additional condition is required: the L-function L{E, A^V, s) has a pole of 
order exactly one at s = 1 . This condition is satisfied in our situation. Indeed, A^V = V'® Q^, 
where V is an irreducible representation of G. Since V is self-dual, H*^(V (8>Fg, V^) = 0 and the 
L-function L{E, V', s) is a polynomial in q~^. The purity argument shows that L{E, V', 1) 7^ 0. 

In this paper we consider the problem of constructing a geometric counterpart of ^e- Given 
a reductive group G, a dominant coweight 7 and a G-local system E on X, we impose on these 
data some conditions similar to the above. Then we propose a conjectural construction of a 
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distinguished £^-Hecke eigensheaf on the moduli stack Bunc of G-bundles on X. Our approach 
applies to root systems An, Bn, Cn for all n, Dn for odd n, and also Eq,Ei. For GL„ our method 
reduces to the one proposed by Laumon in |^. 

The construction is exposed in Sect. 2 , 3 . In Sect. 4 we study the additional structure on Levi 
subgroups induced by 7, and prove a generalization of Laumon’s theorem (uni, Theorem 4 . 1 ) for 
our setting. We discuss its applications to cuspidality and formulate an analog of the Vanishing 
Conjecture of Frenkel, Gaitsgory and Vilonen for Levi subgroups of G. 

2. Statements and conjectures 

2.1 Notation Throughout, k will denote an algebraically closed field of characteristic p > 0 . 
Let X be a smooth projective connected curve over k. Fix a prime i ^ p- For a A:-scheme (or 
fe-stack) S write D(S') for the bounded derived category of Gadic etale sheaves on S. 

Let G be a connected reductive group over k. Fix a Borel subgroup B C G. Let N C B he 
its unipotent radical and T = B/N be the ’’abstract” Cartan. Let A denote the coweight lattice. 
The weight lattice is denoted by A. The semigroup of dominant coweights (resp., weights) is 
denoted A"*" (resp., A'*'). The set of vertices of the Dynkin diagram of G is denoted by I. To 
each i G X there corresponds a simple root Oj and a simple coroot o;*. By p G A is denoted the 
half sum of positive roots of G and by wq the longest element of the Weil group W. 

Let A^’"® denote Z+-span of positive coroots. The set A"*" is equiped with the order < 1^2 
iff ^2 — ui G AP°^. Similarly, we have an order on A+. 

To a dominant weight A one attaches the Weil G-module with a fixed highest weight 
vector G V^. For any pair A, u G A'*' there is a canonical map 0 sending 

to v~^ 0 v’^. 

For A G A"*" write for the irreducible representation of G of highest weight A. 

The trivial G-bundle on a scheme is denoted by Eq. Recall that for any finite subfield k'd k 
and any non-trivial character ■0 : fc' —> one can construct the Artin-Shrier sheaf on Ga,k- 
The intersection cohomology sheaves are normalized to be pure of weight zero. 

2.2 Additional data and assumptions We say that 7 G A"'' is minuscule if 7 is a minimal 
element of A'*' and 7 7^ 0 . If 7 G A"*" is minuscule then, by (Lemma 1 . 1 , | 14 jL for any root a 
we have {'y,a) G { 0 , ± 1 }, and the set of weights of coincides with the VF-orbit of 7. For 
example, if 7 7^ 0 is orthogonal to all roots then 7 is minuscule. One checks that the natural 
map from the set of minuscule dominant coweights to vri(G) is injective. 

Definition 1. We say that {7} is a 1 -admissible datum if the following conditions hold 

• the center Z{G) is a connected 1 -dimensional torus; 

. 7ri(G)^Z; 

• 7 G A"*" is a minuscule dominant coweight whose image 0 in vri(G) generates 7ri(G); 

• is a faithful representation of G. 
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Fix a 1-admissible datum 7 . For A: > 0 set = {// G | /x < A 7 }. Let A^ ^ be the 

union of A^’^^ for k > 0. Set 

A^ = {A G A"*" I {wq^X), A) > 0 for any A G A^ 

Let tDo be the generator of the group of weights orthogonal to all coroots, we fix ujq by requiring 
{9,ujq) = 1. For i ^ Z denote by Cji G A+ the fundamental weight corresponding to a * that 
satisfies ( 1 x 10 ( 7 ), Wi) = 0. Note that uJo,iOi{i G Z) form a basis of A. 

The following lemma is straightforward. 

Lemma 1. The semigroup is the h^-span of il)o,Lbi{i G Z). Besides 

A^^ = {AgA“'"| (t(;o(A), A) > 0/or all a G A^} □ 

Since 7 ri(G)^Z, it follows that [G,G] is simply-connected. Note that for fi G A+jA G A^ 
the condition fi <X implies fi G A^. Note that {—100(7)} is also a 1-admissible datum. 

Since is faithful, the weights of V'^ generate A and for each i G T we have ( 7 ,Wj) > 0. 
For each maximal positive root a we have {'y,a) = 1. In particular, if the root system of G is 
irreducible (so, nonempty) then 7 is a fundamental coweight corresponding to some simple root. 
Some examples of 1-admissible data are given in the appendix. 

2.2.1 Consider the formal disk V = Spf(lc[[l]]). Recall that the Affine Grassmanian Grc is 
the ind-scheme classifying pairs (.Fg,/ 3), where iFc is a G-bundle on V and (5 : Tg^Z'q is a 
trivialization over the punctured disk V* = Spec k{{t)). Define the positive part Gr^ C Gr^ of 
Grc as a closed subscheme given by the following condition: 

J^G £ Gi’g if for every A G A^ the map 

/3GvLlp.^vj. Ii,. 

is regular on T). Note that Gr^ is invariant under the natural action of G(A;[[t]]). 

Recall that for /x G A+ one has the closed subscheme Gr^ C Gr^ (cf. |2], sect. 3.2). One 
checks that Gr^ C Gr^ iff /x G A^_g. Let T^fiG) C t^i{G) be the image of A^ g under the 
projection A ^ 7 ri(G). 

For G vri(G) the connected component Gr^ of Gr^ is given by the condition: 

Vj|(-(zx,a)o))-V^^ 

For IX G 7 ri(G) set Gr^’'^ = Gr+ n Gr^. 

2.3 Denote by Bunc the moduli stack of G-bundles on X. Let Hq be the corresponding positive 
part of the Hecke stack, it classifies collections: Z-g,Z-'q G Bunc, an effective divisor D on X, 
an isomorphism (5 : Tq \x-d \x-d such that for each A G A^ the map 
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extends to an inclusion of coherent sheaves on X, and —!■ . For /c > 0 let C 

be given by deg D = k. 

2.4 Version of Laumon’s sheaf Given a local system VF on X and d > 0, one defines a 
sheaf on 1-Cq'^ as follows. 

Let be the stack of collections: (X^,..., and G where Tq G 

Bunc and 

(3'- : \x-xi 

is an isomorphism such that (X^,X^^, /?*, Xi) G for i = 1,..., d. 

Note that Hq’^ is smooth, because 7 is minuscule. We have a convolution diagram 

X'i 

I 

xW 

where supp (resp., p) sends the above collection to (xi,... ,Xrf) (resp., to , f3, D) with 

X = xi + ... + Xrf. Let C X^*^) be the open subscheme classifying reduced divisors. Over 

rssj^{d) ^ this diagram is cartesian. 

The following proposition is an immediate corolary of (Lemma 9.3 |14jL 

Proposition 1. The map p is representable proper surjective and small. □ 

Set Spr^ = p\su^*W^‘^[m]{^) with m = dimT-f^’'^. This is a perverse sheaf, the Goresky- 
MacPherson extension from supp“^(^^^X*^'^^). It is equiped with a canonical action of Sd- Define 
to be the S^-invariants of Spr^. We have '\S){Spr^)'^Spr^* canonically and 
We have a diagram 

Bunc Hq Bun^ 

where p (resp., q) sends {!Fg-,Xq.,(3) to Xg (resp., X^). By (property 3, sect. 5.1.2 |2]), the 
sheaf is ULA with respect to both projections p and q. 

Let r = dim V^. For a partition p = {pi > ... > > 0) of d define the polynomial functor 

W 1 -^ of a vector space W by 

= (IF®^ ® 

where stands for the irreducible representation of corresponding to p. For d > 0 let i{p) 
be the greatest index i < r such that pi 7 ^ 0. For d = 0 let £{p) = 0. If i{p) is less or equal to 
dimVF then is the irreducible representation of GL(IF) with h.w. p, otherwise it vanishes. 

For u G A+ let Au denote the IG-sheaf on Gr . Recall that the category Sph(GrG) of spherical 
perverse sheaves on Grc consists of direct sums of Au, as i' ranges over the set of dominant 
coweights. We have the Satake equivalence of tensor categories Loc : Rep(G) —> Sph(GrG) (cf. 
Theorem 3.2.8, |2j). In particular, we have Loc(V^) = Au- 


K 


K 


d 
G 

i P 
-\-,d 


G 


supp 


supp 
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Consider a A;-point dkXk, J^'q) of x Bung. The fibre of supp xq : ^ x Bung 

over this point identifies with 

( 1 ) 

k 

Set do = dimBunc. The Satake equivalence yields the following description. 

Proposition 2. For any local system W on X the restriction of to the fibre 01 o/supp xq 
identifies with the exterior product {Mkd^k)[d + , where each Ck is 

A = ©Loc((C^)^)0(lT^J^, 
n 

the sum being taken over the set of partitions of dk of length < r. □ 

2.5 Given a local system W on X, for d > 0 define a functor Av^ : D(BunG) ^ D(BunG) by 

Av'^iK) = qfip^K C^fi-dcK^) 

Let also Av^ ; D(BunG') ^ D(BunG) be given by 

Avf,\K)=pfiq*K0C‘^)[-dG]i^) 

The functors Av^ and Av^* are both left and right adjoint to each other. As in (Proposition 
9.5, 0) one proves 

Proposition 3. Let K be a Hecke eigensheaf on Bunc with respect to a G-local system E. Then 
for the diagram 

Bnnc xX('^) 4 Bunc 

and any local system W on X we have 

(p X supp)!(q*X © ci,)[-dG]G^)'^K K (IT ® V],)^^\d]{^) □ 

2.6.1 For a T-torsor Ft on X denote by Bun^ the stack of collections (Xg,k), where Fg S 
Bung and for A € A"*" 

are inclusions of coherent sheaves on X satisfying Pliicker relations (as in 0, section 2.1.2). 

The open substack j : Bun^^ ^ Bun^ is given by the condition that all tG are maximal 
embeddings. 

Consider the stack of pairs {Ft, w), where Ft is a T-torsor on X and © is a trivial conductor, 
that is, a) is a collection of isomorphisms Cji : ^ Fl for each i ^ Z. The exact sequence 

1 ^ z{G) ^ T ^ n*gx Grn —> 1, where the second map is OieT®*’ shows that this stack is 
noncanonically isomorphic to Bun^(G) (recall that by our assumption Z{G) is connected). 

Fix a section T ^ B. Then for each pair {Ft, w) we have the evaluation map ev^^ : Bun^^ —> 
(cf. 0, section 4.1.1). Fix a T-torsor on X with a trivial conductor {FT,dj). 


5 








Remark 1. If {J^'rp^Co') is another T-torsor with trivial conductor on X then there exists a Z{G)- 
torsor Tz(g) oii ^ an isomorphism Tt ® ^z(g)^^'t with the following property. Let 

Bun^"^ ^ Bunjy^ be the isomorphism that sends Tb to {Xb x Xz[g))FF), where Z{G) acts 
diagonally. Then the diagram commutes 

Bun^^ ^ Bun^^ 

\ ev“ i ev“' 

Ai 


2.6.2 For d > 0 let Td be the stack of collections {Xg,D G where {Xg,k) G Bun^^ 

with X'rp = Xt{wo{'^)D)- So, for each A G Aj we have an embedding of coherent sheaves 

: 4^ ^ 

and induces an isomorphism 

F' 

Let oTd C Xd denote the open substack given by the condition {Xg, k) G Bun^^. 

Consider the fibred product Td Xbuiig where the map —> Bunc is p. For k > 0 

we have a proper representable map 

+ k 

(\y '■ yd XBunc ’^g’ ^ yd+k 

that sends {Xg, k, X'g, P ■ Xg \x-D' ^^g FgX')', where k!^ are the compositions 


C 


Ft 




Given a local system W on X, define the sheaf on Td as follows. Consider the 


open 


immersion j : Bun' 


N 


Bun^ —>To- Set 




where d]\f = dimBun^^. By (Theorem 2, [2]), this is a perverse sheaf and ]ED(4)“^4-i- For 


d > 0 set 


'Pw,'ip — ^IaK^ ^ 4) 


It is easy to see that Kl is ULA with respect to the projection To Xbuiig To- So 

by (property 5, sect. 5.1.2 j^J), 

D{Pj H Ci.)l-do]{^)} ^ Pj-. H £.iy4-dc]{^) 

Therefore, canonically. 

Let '’^^Td C oTd be the preimage of under the projection oTd ^ X^P 
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Proposition 4. For any local system W on X, is a perverse sheaf on y^i, the Goresky- 

MacPherson extension from IfW is irreducible then is irreducible. 

The proof is found in Section 3.2. 

2.7 Let 7 r° ; Bun^"^ ^ Bunc be the projection. 

Definition 2. Let iL be a L^-Hecke eigensheaf on Bun^, where E \s a, G-local system on X. We 
say that K is generic normalized if it is equiped with an isomorphism 

Rre(Bun^^, po ® ^ y) 

By Remark^ this property does not depend (up to a tensoring RT by a 1-dimensional vector 
space) on our choice of the pair (Rr,a;). 

Write Bun^ for the connected component of Bunc given by deg Eg = degEr + dO. Let 
TT : yd ^ Bung and (j) ■ yd ^ be the projections. Prom Proposition 0 one derives 

Corolary 1. Let K he a generic normalized E-Hecke eigensheaf on Bunc. Let W be any local 
system on X. Then for each d > 0 one has 

® ^ (W 0 [d + doK^^) □ 

For a G-local system E pick a G-local system E* such that ^ (Re)* for all A G A+. 
Let iL be a R-Hecke eigensheaf then UK is a R*-Hecke eigensheaf. Assume that DAT is generic 
normalized then from Corolary ^ we get an isomorphism 

</., (tt* (DX) 0 ,^) ^ (W 0 Vl)[d + do] () 

By adjunction, it yields a nonzero map 

BK ^ TT* </-'(W 0 Vl)^^^)[d + dcK^^^) 

Dualizing, we see that this is equivalent to providing a nonzero map 

® r{W* 0 V2)W) ^ K[dG - d](^^) (2) 

Set W = V^, so we have a canonical map ^ {W* 0 on . Composing with Q we 

get a morphism 

nTiv,t ^ Kldc - d]{L^) ( 3 ) 
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Conjecture 1 (geometric Langlands). Let E he a G-local system on X. Assume that W = 
Vg 'Is irreducible and satisfies the condition 

(A) If E' is a G-local system on X such that then E'^ E. 

Then there exists N > 0 and for each d > N a nonempty open substack Ud C Bun^ with the 
following property. There exists a E-Hecke eigensheaf K on Bunc such that 

• both K and DAT are generic normalized; 

• for d> N the complex \u^ is placed in perverse degrees < d — dc, and the map ^ 

induces an isomorphism 

^ K \u, 

on the top perverse cohomology sheaves; 

• K is an irreducible perverse sheaf over each Bun^, which does not vanish over Ud- 

Remarks . i) The sheaf K from Conjecture Q is unique up to an isomorphism if it exists, 
ii) For any local system hF on X we have ^ Av^{Tr\V^) naturally. 

2.8 Informal motivation If the ground field k was hnite then according to Langlands’ 
spectral decomposition theorem m), each function from L^(BunG'(A:)) would be written as 
linear combination (more precisely, a direct integral) of Hecke eigenfunctions. 

Conjecturally, some version of spectral decomposition should exist for the derived category 
D(BunG') itself. We also have an analog of the scalar product of two objects Ki,K 2 € D(BunG'), 
which is the cohomology Rrc(BunG', iLi 0 B(Ar 2 )) (we ignore here all convergence questions). 

Let A be a (5-local system on X satisfying the assumptions of Conjecture ^ One may hope 
that to E is associated a A-Hecke eigensheaf K, which is unique in appropriate sense. 

Since K is expected to be generic normalized, the ’’scalar product” of tt\V^ and K should 
equal ’’one”. That is, K should appear in the spectral decomposition of tt\V^ with multiplicity 
one. By Proposition 121 the functor Av^ applied to tt\V^ with d large enough, will kill all the 
terms in the spectral decomposition of except K itself. So, roughly speaking, Av^(7r!P^) 
should equal K tensored by some constant complex. 

2.9 Stratifications For p, G AP“ denote by the moduli scheme of A^^'^-valued divisors 

of degree pi. If /r = then X^ = Wi^x ■ 

For D G consider T'x = . The stack is the stack of pairs: D G X^'^) and 

_ j:' _ j:' ff' 

a point (XgjR) G Bun^"^. Recall that Bun^’^ is stratified by locally closed substacks ^ Bun^’^ 

J-' 

indexed by // G XP°^. Namely, (Xg, r) lies in ^Bun^’^ iff there exists a divisor G X^ such 
that for all A G A"*" the meromorphic maps 

4,((X^’-,A))^V^^ 
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are regular everywhere and maximal. We have a projection 

whose hbre over 0"^°^ is isomorphic to Bun^"^, where Tt ^ J-t{wq{'^)D + DP°^). 

T' 

Denote by C 3^^ the locally closed substack given by {Tq ,k) € fj, Bun^^. Let 

be the projection. Let X'^’^ C X^'^) x X^ be the closed subscheme given by the condition: 
'jD + wo(DP°^) is dominant. This condition ensures that the maps cD* : D are regular for 

all i ^Z. Let C be the preimage of X'^’^ under So, we have the evaluation map 

ev^ : ^ 

Note that if {D,DP°^) G X'^’^ then 7 D + wo{DP°^) is a A^^-valued divisor of degree dj + 
wq (h) . In this way X'^’^ is the moduli scheme of ^-valued divisors on X of degree d'y + wq (fi). 


2.10 For any local system IT on X let be the complex obtained by replacing in the 

definition of Laumon’s sheaf by Springer’s sheaf 

'^w,tp = ^ <Spr^)[-dG]{ 2 *^) 


Proposition 5. 

is isomorphic to 


1 ) 


For each p G A^*"® 


the restrietion ofV^^ to is supported by and 


for some sheaf on X'^’^. Here is placed in usual degree zero. Let denote the 

corresponding sheaves for 

2) If {D = Y^dkXk, = '^pkXk) is a k-point of then the fibre ofW‘^’^^ at this point is 
the tensor product over all 


k V 

the inside sum being taken over partitions iz of dk of length < r. 


The proof is found in Section 3.1. Proposition together with Corolary ^ suggest the 
following conjecture. 


Conjecture 2. Let D = ^XkXk be a divisor on X with Xk dominant coweights, let X be the 
degree of D. Denote by a : Bun^’^ ^ Bun^ the projection, where Ft = Ft{wo{L>))■ Let 

evA : Bun^’^ ^ be the evaluation map given by the eonductor data. Let E be a G-loeal 
system on X, K be a generie normalzed E-Hecke eigensheaf on Bunc. Then 

RT.iBnnf,^,a*K 0 evlC^) 0 ^ 

z k 
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2.11 Consider the diagram 


y, X X y, XB„„„ S y,^, 

where py : yd Xbuho 'Hq'^ —> is the projection. For any local system IF on X define a natural 

map 

(py X supp),q^ 7 ^^; ® K fF 0 Q,(^)[l] ( 4 ) 

as follows. Consider the diagram 


^ Buiig ii-Q 


K 


+, d+1 

G 


K 


-,d 


i pxid 
'Bung 


+,1 


w 


Clearly, is a direct summand of conv!(/i^Klsupp* 1F)0Q£(^)[1]®^+^'^’^^^ From the diagram 


a; ^ /W+ 5 I id xconv 

wFO ^Bunc ^Bun(5 ^G ^ ^Bun^^ ^G 

i i 

J^dXBungWG’' ^ 3^d+l 

we see that is a direct summand of 

K supp* IF) 0 

This yields a morphism 

<y'Pw,l - ^ supp* IF) 0 Q,(^)[l]®i+<^’2p> 

Since py x supp : Fd XBung —> Fd x X is smooth of relative dimension ( 7 , 2 p), we get a 

map 

^ ^ supp)'(P^,^ K IF) 0 

and, by adjunction, the desired map Q. 


Proposition 6 . 1) The complex 


(p,, X supp),qjp« ®Q((1)|1]®<^-2'» 


(5) 


is placed in perverse degrees < 0 . 

2) For any p G the restriction of Q to ^yd xX is supported by ^Fj" x X and is isomorphic 
to the tensor product of 


ev* G 


" |■]_j^®<i+l+c^JV + (7'i-A‘l 2p) 


with some sheaves IFq coming from X*^’^ x X. Here Wq'^ is placed in usual degree zero. 
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The proof is given in Section 3.3 

Remarks . i) One may show that for any /i £ the restriction of 0 to X X comes from 
a morphism of sheaves tTgKl TT on x X. The latter map is an isomorphism over 
the open substack of X'^’^ x X classifying triples {D, , x) such that x does not appear in D. 

Therefore, (|1]) is an isomorphism over the locus of (X, k, D,x) G Td x X such that x does not 
appear in D. 

ii) In the situation of Conjecture ^ we expect that the map Q yields the Hecke property 
of K corresponding to the coweight 7 . Moreover, it should also yield the Hecke properties 
corresponding to all A £ s indeed happens for GL„). Define the Hecke functor Hy : 

D(Td+i) ^ D(Td X X) by 

ByiF) = (py X supp)!q^F®Q,(^)[l]®<^’'"^ 

Note that the cohomological shifts in the definition of the Hecke functor H : D(Bung'^^) —> 
D(BunQ xX) corresponding to 7 and Hy differ by one! So, the Hecke property of K can not be 
simply the push-forward of © with respect to tt : Td —> Bunc. 


2.12 Let td be a generator of the group of coweights orthogonal to all roots. Since the image of 
uj in 7 ri(G) is not zero, we assume that this image equals for some > 0. Since — oj 
is dominant, we have — lo € and oj £ Consider the map : Bunc xX ^ Bung 

sending {Tg-,x) to Tq, where Fq and Tq are identified over X — x and 


V>^((a;,A)x)^V" 


for each A £ A"*". Let also 


q^ : Td X X ^ Td+d. 

be the map sending {!Fg,k,x) to where Fq = q‘^{F'G,x) and k'^ is the composition 



V 





for all A £ A^. Let i? be a G-local system on X and set W = V^. 


Then there is a natural map 


This is not an isomorphism in general, and one may show that the LHS of is placed in 
perverse degrees < 0 . 

2.13 Whittaker sheaves Let K(Td) denote the Grothendieck ring of the triangulated category 

D(Td). 

To each G-local system Li on X and d > 0 we attach the Whittaker sheaf ^ G K(Td) 
defined as follows. 
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Let ^ G be such that d'y + wo(/^) is dominant. Let r be a partition of dj + tco(/r), 
that is, a way to write d'j + wo{iJ,) = with A* G ^ pairwise different and n* > 0. Let 

'^X C Xije the complement to all diagonals. We consider '^X C X^^’^ as the locally-closed 
subscheme classifying divisors AfcXfc of degree dj + rco(/r) with Xk € X pairwise different. 
Let '^E denote the restriction of 

i 

under '^X ^ WiX^'^'\ Let '^y C be the preimage of '^X under ^ 

Definition 3. Set G K(3id) to be the (unique) complex with the following properties. Its 

♦-restriction to each stratum is supported by . li d'y + wq (//) is dominant then for any 
partition r of dy + tco(/r) the ♦-restriction of Wg ^ to '^y is 

The sheaf ^ should satisfy the Hecke property, in particular we suggest 
Conjecture 3. Recall the diagram (cf. Sect. 2.11) 

Td X X yd XBunc ^ yd+l 

There is a canonical isomorphism in the Grothendieck ring K{yd x X) 

(py X supp)iq^W^+; 0 ^ Q,(i)[l] 

2.13.1 We don’t know if A^ ^ is a free semigroup in general, however this is the case for our 
examples GL„, G§P 2 „, G§pin 2 „_i_i (cf. appendix). 

Assuming that A^ ^ is a free semigroup, we can describe ^ more precisely, namely ’’glue” 
the pieces on the strata ’’T to get a sheaf on sheaves E to get 

a constructible sheaf AE^^’^ on (here ‘A’ stands for ‘automorphic’). 

Let Ai,...,Am be free generators of A^ ^ thus yielding A^^^(Z+)™'. Given d > 0 and 
p G with dy + wo{fi) = 'YaLi dominant, we get 

m 

i=l 

Gonsider the sheaf 

m > . X 

(7) 

on X'^’^. Let D = Yhk ^kXk be a A:-point of X'^’^, where Xk are pairwise different and Vk S A)j g. 
Write i^k = YllLi o-i,k^i for each k. The fibre of ((7| at D is 

®T=1 
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There is (a unique up to a nonzero multiple) inclusion of G-modules V‘^'^ ^ 

This yields a map 

®T=i Sym“«.HVE"0x, (8) 

The following is borrowed from m- 

Proposition 7. Assume that ^ is a free semigroup. There is a unique eonstruetible subsheaf 

C M whose fibre at any k-point D = Ylk^k^k of is the image of □ 

7=1 


3. Some proofs 

3.1 Recall that Gi’c is stratified by locally closed ind-subschemes indexed by all coweights 
/i £ A. Informally, is the A^(Ar)-orbit of the point p(t) £ Grc, where K = k{{t)). We refer 
the reader to [S], Section 7.1 for the precise definition. 

Recall the following notion from loc.cit., section 7.1.4. Set O = A:[[t]]. Let fl denote the 
completed module of relative differentials of O over k (so, fl is a free O-module generated by 
dt). Given a coweight rj ^ A and isomorphisms 

Si : 0((r?,Q!i))^ A 

for each i I, one defines an admissible character Xri ■ N{K) —> Ga of conductor rj as the sum 
Xr] = where y* : N{K) Ga is the composition 

N{K) N/[N,N]{k) Ga{k) ^ n{K) 

Here Ui : A^/[A^, A^] —> Ga is the natural coordinate corresponding to the simple root dj. By 
{loc.cit., Lemma 7.1.5), for p £ A there exists a (A^(iL), x^)-equivariant function yj) : 5^^ —> 
if and only if p + ry £ A"*". In the latter case this function is unique up to an additive constant. 

Proof of Proposition\^ Let iff^dkXk, Pg) be a fe-point of x Bunc- The fibre of supp xq : 
X Bunc over this point identifies with 

k 

The restriction of Spr^ to this fibre is the tensor product of (®fc(IR^'^'“))[d + do] () with 

K ( © AuGV^^k) 

k 

where the inside sum is taken over dominant coweights n £ A"*" such that n < dk'j, and are 
some vector spaces. Let 

°qy : Bun^^ XBunc^^’'' ^ 
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denote the restriction of qy to the open substack Bun^^ C 3^o XBuno . 

Fix a /c-point y G 3^^, it is given hy {D = ^kXk, ^ y^kXk, ^Gi such that Xk are 

pairwise different (and some of dk may be zero). Let Ky denote the fibre at y of 

°qy!(ev* C^MSpr'ly)[dN - ^ 

The fibre of ’^qy over y identifies with 

gWQ{'y)df,+^l^, Pi 

k 

For each k set Vk = —wo{y)dk — Pk- An equivariance argument (as in jS], Lemma 6.2.8) shows 
that Ky vanishes unless all Vk dominant. 

By (Lemma 7.2.7(2), [S]) the restriction of the map 

Bun;^'^ XBunc^G ^ Bun;^^ ^ h} 
to (^q 3 ;)~^(y) becomes the sum over all k of 

, s-^k n 

plus ev^(jFc, K, 77, G A^. By (Theorem 1, ini ), for any u G A"*" such that the 

complex 

RFe(5-"'= n A ® 

vanishes unless u = —wo{i'k). In the latter case, it is canonically Qi[{i^k,‘^p)]i{i^k, p))- 

The above equivariance argument shows also that the restriction of to after 

tensoring by ev* T^-i, descends with respect to the projection ^ Combining this 

with Proposition 121 one finishes the proof of Proposition |3 □ 

The above proof combined with (Proposition 3.2.6, [2]) also gives the following 

Corolary 2. Over the open substack oTd C Td, the map ^^qy : Bun^"^ XBuncLfp’'^ ^ Td is an 
isomorphism. 

3.2 In this subsection we prove Proposition^ 

Given a pair d > 0, p € A^’"® such that d'y + wo{p) is dominant, a partition r of dy+ijJo{p) is a 
presentation of d'y + (jjQ{p) as a sum of nonzero elements from Ap g, that is, Y^]^{dky-\-u}Q{pk)) = 
dy + uJo{p) with dk > 0, Pk & and dky + uJo{pk) dominant for all k. 

Given a partition r of dy + u!o{p), consider the locally closed subscheme '^X C which 

is the moduli scheme of divisors Yhk^^kl + x}o[pk))xk with Xk pairwise different. Given r, if k 
runs through the set consisting of m elements then dim'^X = m. Clearly, the schemes '^X form 
a stratification of X'^’^. 


14 



Let '^y C be the preimage of '^X in ■ Suppose that r is of length m, that is, 
dim'^X = m. Then from (Lemma 7.2.4, j^) it follows that 

dim'^T = m + dM + {'yd — /r, 2p) 

In particular, we have dimTd = d + d^ + {dy,2p). Now from Proposition |S1 we learn that the 
restriction of to '^y is placed in perverse degrees < 0. Moreover, the inequality is strict 
unless /i = 0 and m = d. Since is self-dual (up to replacing W by W* and ip by our 

assertion follows. □ 

Remarks . i) As a corolary, note that the restriction of to oTd identifies canonically with 

ii) For each pair d > 0, p € such that dy + 'Wo{p) is dominant, the projection ^ 
is a finite morphism. Let W and W be any local systems on X. Then the complex 

( 9 ) 

is placed in usual cohomological degree —2d. This is seen by calculating this direct image with 
respect to the stratification of Td by For G = GL„ the complex is a Rankin-Selberg 
integral considered in HH. 

3.3 In this subsection we prove Proposition |21 

Lemma 2. Let A G G A. Let w ^ W be any element of the Weil group such that 

p + wX G A+. The function is constant on n Gr^ if and only if p ^ A+. 

Proof This follows from the description of n Gr”'' given in (E!, Lemma 5.2). □ 

Proof of Proposition\^ The fibre of p x supp : TIq’^ Bunc xA over a fe-point (Ag,®) is 
identified with Grg’^°*'"’’\ This fibre is stratified by the subschemes 

g-wowi'f) p (10) 

indexed by t(;(7) G Wy. By (^U, Lemma 5.2), ((1171) is an affine space of dimension {y + w{y), p). 

Consider a A:-point of ^Td given by {Xgi k-i D, Let (AG,.Fp,/3, x G A) G TIq’^ cor¬ 
respond to a point of D Grp^®^"*"^ for some w{y) G Wy. The image of this collection 

under the map 

■ yd ^Bunc di.Q i- Td+1 

is the point of /i'Td-i-i given by 

[pQ, k', D + X, + wow{y)x - WQ{y)x) 
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with fi' = ^ + wow{'y) — wo{'y). If 'yD + wo{DP°^) + w{'y)x is not dominant then, by Proposition[51 
the stratum m does not contribute to the direct image ©• 

Assume + wo{DP°^) + w{'y)x dominant. Let dx € (resp, fix G denote the 

miltimplicity of x in D (resp., in Then the restriction of ev^/ oq^ to the stratum (1101) 

is (A^(iL), Xi,)-equivariant for some admissible character Xu ■ N{K) —> of conductor u = 

—wo{l)dx — fix- If V is dominant then this restriction is constant and equals ev^(.FG, k, D, 0^°^). 
If u is not dominant then, by Lemma[21 the stratum m does not contribute to the direct image 
because Rrc(A^,/i. 0 ) = 0 . 

We conclude that the restriction of © to X X vanishes outside the closed substack 
X X, and is isomorphic to 

F[d + 1 + d]\[ + (yd — /r, 2p)] 

for some sheaf F on fj,y^ x X placed in usual degree zero. An equivariance argument (as in 
the proof of Propositional) assures that F iS) ev* £^-i descends with respect to the projection 
X X X A. 

Since dim(^Aj”) < d + djv + {jd — fi,2p) for any p G the complex ((51) is placed in 

perverse degrees < 0. Proposition El is proved. □ 

4. Additional structure on Levi subgroups 

4.1 Throughout this section, we fix a standard parabolic subgroup P C G corresponding to a 
subset Im C T. Let A^^p be the quotient of A by the Z-span of a*, i G Tm- Let 

Ag,p = {A G a I (cij. A) = 0 for i G Fm\ 

be the dual lattice. Let U{P) be the unipotent radical of P and M = P/U{P). Write Aj[^ C A 
for the semigroup of dominant coweights for M, and for the longuest element of the Weil 
group Wm of M. The irreducible M-module of h.w. A is denoted U^. Fix a section M —> P of 
the projection P ^ M . 

Definition 4. Set ^ = {A G \ there exists in G IT such that wX G A^ Let vrj*"(M) C 
7 ri(M) = Ag,p denote the image of the projection Aj|^^ —> Ag,p- Set 

s = {A G I there exists U) G IT such that wX G A^} 

The following identities are straightforward. 

Lemma 3. ITe have 

^MS = {A G I {w{X),X) > 0 for all w ^W,X ^ A^} 

= {■^ e I ^) > 0 for all X G A+ 5 } 

^ I > 0 for all w eW,X e A^ _g} 
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^M,S = ^ I A) > 0 for all A G □ 

Definition 5. Let Gr^ C Gim be the closed subscheme given by the condition: G Gr^ 

iff for each A G ^ the map 

/ 5 ' ^ - Uk 

is regular on V. Here stands for the irreducible quotient of the Weil module lA^ for M. 

Clearly, Gr^ is a M((!))-invariant subscheme of Grjvf. For v G A^ one has the closed 
subscheme GrJ^^ C Gr^ (cf. H], sect. 3.2). For v G hffj we have Gr)^ C Gr|^ iff z/ G A+ g. 

Recall that for /r G 7 ri(M) the connected component Gr)^ of Gr^ classifies {Tm,P) £ Gtm 
such that for A G Aq^p we have 

For fj, G 7 ri(M) set Gt^^ = Grj^nGr)^. So, Gv^^ is nonempty iff /r G 7 rj^(M). It may be 
shown that Gr~j^^ is connected for each /r G 7 r^(M). 

Recall the following definition from ([ 2 ], sect. 4.3.1). For fj. G let Sp C Gr^ denote the 
locally closed subscheme classifying (.Fg, j3 : Tq \v* \v*) S Grg such that the composition 

(-(iz, A)) ^ Cpo —> V^o ^ 

has niether pole nor zero over T) for every A G Aq^p H A"*". 

For each z/ G vri {G) the component Gr^ is stratified by Sp indexed by those fj. G Ag,p whose 
image in vri(G) is p. Moreover, we have a natural map : Sp ^ ^^m- 

Lemma 4. For each ^ G Aq^p the map tg : Gr^CiSp —> Gt^ factors through Gr~j^^ ^ Gr)^, 
and the induced map t~^'^ : Gr^ CiSp —> Gr~^^ is surjective. 

Proof Let {Fg, fd : Fg \v*^ Fg \v*) G Gr^ nSp. So, for any A G Ag^p H A"'' 

is a subbundle. There is unique {Fp,(5 : Fp |r>*— > Fp \v*) G Grp that induces {FG,(d), and t^ 
sends {Fg, fd) to Fm = Fp xp M. Since for any A G Aj the maps 

are regular, the first assertion is reduced to the next sublemma. 

Sublemma 1. Let v G A'^ g. So, there exists w €W with wp G A^. Let Res^ denote V'^^' 

viewed as a P-module. There exists a subquotient V o/Resg on which U{P) acts trivially 
and such that 

HomM(t/^R') 7^0 □ 
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Let V G A g be such that Gr^ C Gr^^. Recall the notation O = k[[t]]. Since is 
A'/(0)-invariant, it suffices to show that i'{t) G Gr^^ lies in the image of We know that 
there exists w ^ W with wu G g. Therefore, v{t)G{0) defines a point of Gr^ r\Sp which is 
sent by to ^{t) G Gr^^. 

□ (Lemma ^ 

Note as a consequence that for each i/ G (G) the scheme Gr^’^ is stratified by locally 
closed subschemes Gr^’^ nSp indexed by those ^ G 'k^{M) whose image in 7 ri(G) is v. 

For d > 0 write A^^ for the preimage of dO under A^ —> 7r+(G). 

Lemma 5. For any A G A^ g there exist Ai,..., G A^^ g such that A ^ Ai + ... + A^. 

Proof Pick any fe-point {iFM,P) of Gr;^. Let fj. be the image of A in Trf{M). Pick any k- 
point (^G,/?) of Gr^’ nSp whose t^’^-image is {iFM,P)- Let Gr^ x ... x Gr^ be the scheme 
classifying collections 

(^^,...,^^+ 1 =^, A), ( 11 ) 

where Tq is a G-bundle on V, and /3* : Fq \x>* ^ |x)* is an isomorphism such that Tq is 

in the position 7 with respect to for i = 1 ,..., d. 

Pick a fe-point m whose image under the convolution map 

Gr^) X ... X Gr^ —> Gr^, 

is {FG,fd)- There exist a unique collection 

/ 'T-l 'T^d 'T^d+l _ /TtO o \ 

\J p, . . . , J Pt J p p^ Pi) ^ 

where Fp is a P-torsor on V and Pi : Fp \x-xi ^Fft^ \x-xi, that induces (jllj) by extension of 
scalars from P to G. Extending the scalars from P to M, one gets a collection 

{Fl,...,Fi,F);+^=Ft„Pi) 

where F)^ = Fm- For i = 1,..., d let Aj G A){^ be such that F\^ is in the position Aj with 
respect to Ff^^ ■ By Lemma 01 A* G Jpfg for all i. Let 

Gr^x...xGr;;| 

be the scheme classifying (P^,...,P^^ = F^,P^), where F\^ is a M-torsor on T> and /3* : 

\'D* ^\'D* is an isomorphism such that F\,[ is in the position A* with respect to Ff^^ 
for i = 1 ,..., d. We learn that {Fm,P) lies in the image of the convolution map 

Grj(ix...xGr^^Gr)[}^ 

But the image of the latter map is contained in Gr^"*"'"'*'^'^, so Gr^ C Gr^"*" □ 

Denote by 7 r®(M) the image of Ai^^g —> 7rf{M). By the above lemma, generates 

7rf{M) as a semigroup. Since is faithful, 'k\{M) generates irpM) as a group. 
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I Q 

Lemma 6. 1) Each A G ^ms ® minuscule dominant coweight for M. 

2) The natural map A'fj g Tr^{M) is bijective. 

Proof 1) For A G have Yi.om.M{U^ 0. Let A' G and Then A' is a 

weight of y'>', so that A' = w'y for some w G W, and A = w'y + a, where a is a sum of positive 
coroots for M. However, if a 7^ 0 then the length of A is strictly bigger than the length of 7, 
which implies that A is not a weight of This contradiction shows that A' = A. 

2) follows from 1). □ 


4.2 For d >0 consider the stack 

^Bung Bunp, 

where we used the projection q : TLq’'^ —> Bunc in the fibred product. 

For /i G Ag,p let TL^’^ be the locally closed substack of m classifying 

{D G jFc,jFp, p : Eg \x-d ^^'g \x-d-, ^'p xp G^Eq) 


( 12 ) 


for which there exists a Ag p-valued divisor on X of degree pL with the property: for all 
A G Ag',p n A"*" the meromorphic maps 






realise CA, as a subundle of Vp A)). Here we have denoted EP = -Fh xp M. 

Clearly, we have {D'^,ujq) = D and {D>^,Cbi) > 0 for i G I — Im- Let Di = {D^^,uji) for 
i GI — Im then we have an equality of 7ri(M)-valued divisors on X 


Df" = woi-/)D+ ^ Diai 

By Lemma0J 74p’^ is non empty iff /r G 7rj*'(M) and actually is a 7rj*'(M)-valued divisor 
on X. So, for each d > 0 the stack m is stratihed by locally closed substacks Tfp’^ indexed by 
those pL G irf (M) whose image in vri(G) is dO. 

For /i G 7rj*“ (M) let d = (/r, tDo) and di = (/r, tDj) for i G I —2m and let X^ denote the scheme 
image of the projection 

np'" x^‘^'> X Yl 

I^X—Xm 

We will think of X^ as the moduli scheme of Trj*" (M)-valued divisors on X of degree p. As we 
will see, X^ need not be irreducible. For pt G Trj*" (M) we have a commutative diagram 

^ XBnna Bunp 

i suppp J, 

xp xW, 

where we have denoted by suppp and sm the natural projections. 
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Definition 6. For fi G TTf{M) let be the stack of collections ^ 

where Tm,^m ^ Bun^^ and 

/3 : \x-D -^^'m \x-d 

is an isomorphism of M-torsors with D = sm{D^^) such that for each A G s map 


^ '^M ir 

extends to an inclusion of coherent sheaves on X, and 


M/[M,M] 


for each A G ^g,p- 
We have a diagram 

Bun^w ^ ^ Bunju 

i suppj,^ 

where pM (resp., qju) sends a point of to Xm (resp., to and supp^ stands for the 

projection. If iJ^kXk) is a fc-point of Bun^ the fibre of 

(\M X suppj\^ ; T-Clj^ Buum xX'^ 

over it identifies with UkGr^M^^- 


4.3 Given ^ G 7rj*'(M), we will denote by 2l(/u) the elements of the set of decompositions of ^ 
as a sum of non-zero elements of 7rj*'(M). More precisely, 2l(/i) is a way to write /x = 
where all > 0 and fj,k G Trj*" (M) — {0} are pairwise distinct. 

For 2l(;u) we set = Wi.XG-k)_ "We have a natural map ^ X^ sending 

{Dk} to Ylki^kDk- Let C be the complement to all diagonals. The composition 

^ ^ X% 

is a locally closed embedding, and in this way X'^ is stratified by subschemes X'^G) _ 

We say that 2l(/u) is in general position if = d. Write for the preimage of 

under sm '■ > X^), The connected components of are exactly indexed by 

2l(^) in general position. 

Definition 7. Given a local system IT on X, for each p G 7rj*'(M) define Laumon’s sheaf 
on as follows. Recall the diagram 


-PPM .M ^id) 
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Let be the preimage of under sm ° suppjy^. The stack is smooth and 

over it we let 

= SUPPM 

where a denotes the dimension of the corresponding connected component of Then we 

extend this perverse sheaf by Goresky-MacPherson to 

By definition, and ^ is a direct sum of perverse sheaves indexed 

by 2t(/r) in general position. Set (Im = dimBunM- 

For /r G 7rf{M) whose image in ' 7 ri(G) is d9 consider the diagram 

0 _/ + 5/^ \/ 'Rmn HM. Im 

^Bun^vf -DUnp ■< ftp > 

where we used qu '■ Bun^ in the fibred product, /m is the natural map, and qu sends 

(jFp,JFp,D^,/3) to •T'p P)- We also have 


'TZ + P ^ Rm-, 'T-Z + ’M Im. ‘XJ'^A 

^BuriM -DUnp ■< ftp > fiQ , 

where now we used pM : Buum in the fibred product, and pM sends {J^p,J^p,D^,P) to 

-^pXpM^JFm, P)- 

Here is a generalization of Laumon’s theorem (cni, Theorem 4.1). 

Proposition 8. Let W be a local system on X. Let p € p^(M) with image dO in 7r^(G). The 
complex qM\fMC-w canonically isomorphic to the inverse image of 


Gv ® (7 


+ 2pM-2p} 


under the projection Ttjj^ Xbuhm Bunp 


n-/+,U 
i^M ■ 


(We have used the fact that pM — P ^ P-G,p)- 


The complex pM\fMf^w canonically isomorphic to the inverse image of 


under the projection TC'^j^ xbuhm Bunp ^ IdM". 
The proof is given in Sections 4.4-4.5. 


4.4 Let J = {i G T I ( 7 , dj) = 0}. Let Wj C VF be the subgroup generated by the reflection 
corresponding to i G J. Using Bruhat decomposition, one checks that the map W/Wj ^ IU 7 
sending w to is a bijection. 

Fix a section T ^ B. Let denote the parabolic of G generated by T and Ua for 
all roots a such that ( 7 , a) < 0. So, Py contains the opposite Borel. We have a bijection 
s Wm\LF/LFj sending G Xfj g to the coset WmwWj. 
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The map G/P^ Gr^ sending g € G{k) C G{0) to g'y{t)G{0) is an isomorphism. The 
scheme Gr^ is stratified by Gr^ nSp indexed by A G ^^ 4 %- above isomorphism transforms 
this stratification into the stratification of GjP^ by P-orbits. We have a disjoint decomposition 


G = U PwPy 

w£Wm\WIWj 


So, we have 

Gr^ nS^ ^ PwP^/P-y ^ P/P n wP^w-^ 

Similarly, for A G ^'m^s P\{M) be the parabolic of M generated by T and C/q, where a 

runs through those roots of M for which (A, d) < 0. Then the map M/P\{M) —> Gr^ sending 
m G M{k) to m\{t)M{0) is an isomorphism. So, the map 

Gr^n5-"^Gr7 (13) 

is nothing else but the map P / P r\wP.yW~^ —> M / Pyj^{M) sending p to p inodM. The correct¬ 
ness is due to 


Lemma 7. We have Pw^{M) = M n wP^w ^ . 

Proof The inclusion P^^{M) C M n wP-yW~^ follows from definitions. Further, M n wP^w~^ 
contains the opposite Borel of M, hence is a parabolic subgroup of M (in particular, connected). 
The assertion follows now from: for a root d of M we have Ua C Py^^{M) if and only if 
Ua C M n wP^w~^. □ 

We see that U{P) acts transitively on the fibres of ([7^1) . So, m is a fibration with fibre 
isomorphic to an affine space of dimension (7 -|- w'y, p) — {wj, 2 pm)- 

Remark 2. For rcy G one can calculate the dimension of Gr^ nS'p"^ as follows. Stratify it 
by P-orbits, that is, by the schemes Gr^ nS'"'!"''’' with wi G Wm- Then Gr^ nS'"'!"''’' is an affine 
space of dimension (7 + wiw'y,p). The maximum of these numbers, as wi ranges through Wm 
is (7 + wj,p). 


4.5 Gonsider a collection jl = {pi, ..., pd) with p = pi + ... + pa and pi G Let be 

the stack of collections 

(Pl^,...,P^+\xi,...,XrfGX,/3*), (14) 

where /3* : \x-xi ^\x-xi is an isomorphism such that (P|^,/?*,Xj) G for 

z = 1,..., d. 

I Q 

If we denote by Aj the element of AJ) ^ that maps to pi then is in the position A, with 
respect to at Xj. We have a convolution map 

conv^ : U'lf ^ 

sending (UH) to (P^, /3, P^), where and /3 : \x-d Ptd^ \x-D with 

D = SM{Df^)- 

Denote by : hiXf" —* the map sending (tTH) to (xi,... ,Xrf). From (Lemma 9.3, [Tlj l 
one derives 
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Lemma 8. i) The map conv^ is representable, proper and small over its image. Besides, the 
perverse sheaf 

convfis^)*W^‘^[a]i^) (15) 

is the Goresky-MacPherson extension from . Here a = dim TC~I^^. 

a) The d-tuple fi gives rise to 2l(/i) in general position, say fi = The group Hfc Sn, 

acts naturally on m, and the sheaf o/Ofc Srif.-invariants is canonically isomorphic to the direct 
summand of corresponding to 2l(/u). □ 

Remark 3. From Lemma |H1 it follows that for any p. £ 7r(*~(M) the complex is ULA with 
respect to both projections pM, c|m : Bunju- 

Proof of Proposition 0 
1) Consider the diagram 

n xbuhm Bunp 

\ qpxsuppp I 

Bunp 

For any fc-point of Bunp given by {H'p, = YhkhkXk): where Xk are pairwise distinct, 

over {iFp,D>^ = YlkRkXk) the map qM becomes the product 

ncr+ns^^nod" 

k k 

of the maps In particular, qm is surjective. 

Let 2t(/u) in general position be given by /x = Ylk'^^khk- Let U C be the preimage of 

the corresponding connected component of Over the open substack U xbuhm Bunp, the 

map Qm is a fibration with fibre isomorphic to an affine space of dimension 

a(2l(/x)) {dj,p) + ^{nkXk, p- ‘^Pm), 
k 


where Xk £ maps to pk £ 

The restriction of fl^T-w to q\j{U XBunM^unp) comes from So, over U XBunj^Bunp, 

we get the desired isomorphism. Now it suffices to show that, up to a shift, gniftpSpr^ is a 
perverse sheaf, the Goresky-MacPherson extension from Xbuhm Bunp. 

For a d-tuple p = {pi ,..., pu) with p = pi p^i and pi £ 7rf{M), let TCp’^ be the stack 

of collections 

{H}p...,H^p+\xu...,Xd,f3^), (16) 

where x* £ A and (Ap, iFff^,Xi, j3^) £ Tip’^' for i = 1,..., d. The stack 

^(H+’‘'xBunGBunp) ^Bunc Bunp) 
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is stratified by locally closed substacks Hp'^ indexed by such tuples /2. 

We have a diagram 

C ^ nXf Xbuhm Bunp ^ XBunM Bunp, 

where a sends (jTHl) to ..., xi,..., x^, /3*) with = Jp> x p M, and the last 

map is conv^ x id. It suffices to show that for each fl as above, 

(conv^ X id)!a!(s^)*iy^'^^ 

is a perverse sheaf (up to a shift), the Goresky-MacPherson extension from xbuhm 

Bunp. Since a is a composition of affine fibrations, our statement about qM\fM^w follows from 
Lemma ISl i). 

2) Applying 1) to the 1-admissible data {—^ 0 ( 7 )}, one gets the formula for PM\fM^w- 
4.6.1 Averaging functors for Levi subgroups 

Recall for any p G Trf{M) the diagram BunM ^ ^ Bun^- For a local system W on X 

denote by : D(BunM) —> D(BunM) the functor 

~ CP)[—dM]{ - ) 

Let also Av(^ ; D(BunA 4 ') ^ D(BunM) be given by 

Av/(/L) = {p^fXql^K®Cp)[-dM]{^) 

By Remark |21 we have B o Av^j^ ^ Ay^^ o D and D o AvfP ^ Av^p, o D naturally. 

The proof of the following result is completely analogous to that of Proposition |21 

Proposition 9. Let p G 7rJ*"(M). Let 2t(/r) in general position be given by p = Y^f.nkPk- Recall 
the map ^ X'P (cf. sect. 4-3)■ Let Xj. G Ap^^ be the element that maps to 

Pk £ 7r®(M). Let W he any local system on X. Let E be a M-local system on X, K be E-Hecke 
eigensheaf on Bun^ • Then for the diagram 

BunM ^ TLjX Bun^ ^^Xf^ 

there is a canonical isomorphism 

iqMXsnppM)liP*MK^Cy)[-dM]{^)'^K^sP^\miW0Up)^^>‘^)[d]i^) □ 

Corolary 3. For each standard proper parabolic P of G there exists a constant c{P) with the 
following property. Let E be any M-local system E on X, K he a E-Hecke eigensheaf on Bunjvf. 
Let W be an irreducible local system on X of rank r = dimR'*'. For any p G 7r^(M) whose 
image in vri(G) is dO with d > c{P) we have Ay^{K) = 0. 
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Proof The functor Av^ = © is a direct sum of functors indexed by 2l(/i) in general 

position. In the notation of Proposition 121 we have 

Av^^) {K)-^K® (© Sym"'= Rr(A, W © [d](^) (17) 

k ^ 

Here d = Y^ Uk, and k runs through the finite set 7r^(M). For d large enough at least one of 
will satisfy > r{2g — 2) dimt/'^'', and the RHS of (1171) will vanish. □ 

Generalizing the Vanishing Conjecture of Frenkel, Gaitsgory and Vilonen (0), we suggest 

Conjecture 4. Let W be an irreducible local system on X of rank r = dim V'*'. Assume that P 
is a standard proper parabolic of G. Then for all p, € TTf{M) whose image in 7ri{G) equals dO 
with d > c{P), the functor Av(^ vanishes identically. 

4.6.2 Consider the diagram Bunc ^ Bunp ^ Bun^^f, where ap and (3p are natural maps. The 
constant term functor CTp : D(BunG) ^ D(BunA 4 ') is dehned by CTp(Ar) = Pp\a*p{K). 

The following is a generalization of Lemma 9.8,^. 

Lemma 9. Let W be any local system on X. For any K G D(BunG') and d > 0 the complex 
CTpoAv^(Ar) G D(BunM) has a canonical filtration by complexes 

Av(;^oCTp(iL) ©(Q<.[l](^)®<^’2p-2pM> (18) 

indexed by those p G nf (M) whose image in 7ri(G) is dO. 

Proof Consider the stack Xbuiig Bunp, where we used q : Bun^ in the fibred 

product. The complex CTpoAv^(Ar) is the direct image with respect to the natural map 

Tfc"* XBunc Bunp ^ BunM (19) 

Recall that TCq’'^ Xbuhc Bunp is stratified by locally closed substacks T^p’^ indexed by those 
p G Trf (M) whose image in vri(G) is dO. This gives a hltration on CTp o Av^(K). 

The restriction of the map dH to the stratum Tip’^ can be written as a composition 

77+’^ Xbuhm Bunp ^ BunM 

So, by Proposition |H1 the contribution of the stratum 74p’^ to the direct image in question is 
exactly (fTKl) . □ 

Corolary 4. Assume that Conjecture^holds. Then 

1) Let d satisfy d > c{P) for any standard proper parabolic of G. Then for any K G D(BunG') 
and any irreducible local system W on X of rank r = dim the complex Av^{K) is cuspidal. 

2) Let E be G-local system on X and K be a E-Hecke eigensheaf on Bunc. IfVp is irreducible 
then K is cuspidal. 
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Proof 1) is clear. 

2) The argument given in (|^, Theorem 9.2) applies in our setting. Namely, pick d such that 
d > c{P) for any standard proper parabolic of G. Set W = (V^)*. By Proposition 

CTp o CTp(i^) ® Rr(AW, (fT ® V^)^‘^^)[d]{^) 

The LHS vanishes by LemmalHI Since Rr(X('^), {W (8) is not zero, CTp(R') = 0. □ 

Remark 4. For G = GL„ Conjecture 0 is proved by D. Gaitsgory ([3]). For G = G§P4 (example 
2 in the appendix) ConjectureEJalso holds, it is easily reduced to the result of loc.cit. for GL2. 
So, for G = GSp4 CorolaryEJis unconditional. 

Appendix. 1-Admissible groups 

Definition 8. Let H he a connected, semi-simple and simply-connected group (over k). Assume 
that the center Z{H) is cyclic of order h and fix an isomorphism 3 : ^h^Z{H). Assume that 
the characteristic of k does not divide h. Denote by G the quotient oi H x Gm by the diagonally 
embedded Call a reductive group G over k 1-admissible, if it is obtained in this way. 

Let H he a connected, semi-simple and simply-connected group (over k). Let Th be a 
maximal torus of H. Write Ap (resp., Ap) for the weight (resp., coweight) lattice of Tp. Let 
Qh C Ap be the root lattice. Set 

Qh = {A G Ap 0 Q I (A, A) G Z for any A G Qh} 

We have a natural pairing Ah/Qh x Qh/Ah —> (pZ)/Z. Therefore, any isomorphism 

r : Qh/Ah (-Z)/Z 

yields an isomorphism f : Ap/Qp^Z//iZ. Since the characteristic of k does not divide h, 
}lom{Z{H), k*)^ Ah/Qh canonically. So, f yields 3 : ^h^Z{H) such that for x G /i^jA G Ap 
we have 

A(3 (x)) = 

So, r gives rise to a 1-admissible group G = [H x Gm)/Rh- 

For the maximal torus T = (Th x Gm)/Rh in G the weight lattice is 

A = {(A, a) G Ap X Z I f(A) -|- a = 0 mod h} 

and the coweight lattice is 

A = {(A, b)GQHX (iz) I r(A) - 6 G Z} 
n 

It is understood that the pairing Ax A —> Z sends (A, b), (A, a) to (A, A)-|-a6. The map (A, b) b 
yields an isomorphism 7ri(G)^A/Ap^^Z. Note also that 7ri(G) ^ A/Qh 
T he next result follows from definitions. 
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Lemma 10 . Let jh G Qh be a dominant coweight for Had = H/Z{H). Assume that 

• either 7 /f is minuseule or (H = I and jh = 0); 

• IH generates Qh/^h'; 

• the irreducible representation of {Had) is faithful. 

Let T : Qh/{\'ZL)/7j be the isomorphism sending 'Jh to and G be the corresponding 
1-admissible group. Set 7 = {jh, G A. Then { 7 } is a 1-admissible datum for G. □ 


Examples of 1-admissible data 
The examples below are produced using Lemma 11171 

1. The case G = GL„. In the standard notation A = IT, A = IT. For 1 < i < n take 
Cbi = (1,..., 1,0,... , 0) where 1 appears i times, and Coq = (1,... , 1). All the conditions are 
satisfied and 7 = ( 1 ,0 ,... , 0). 

Let 7 i = (1,..., 1,0,... , 0) G A, where 1 appears i times. Then A^ ^ is the Z+-span 
of 71 , 72 ,..., 7 n. So, Ag^^(Z+)"'. The element lu = jn generates the group of coweights 
orthogonal to all roots. 

Remark 5. This particular choice of jh yields a construction of an antomorphic sheaf proposed 
by Laumon in |^. However, all fundamental coweights for Had = PSL„ are minuscule, and a 
choice of 'Jh here is equivalent to a choice of a generator of the cyclic group 7ri{Had)- If 7 _ff 
is a fundamental coweight corresponding to a simple root which is not one of two edges of the 
Dynkin diagram An-i then the corresponding 1-admissible group G is not isomorphic to GL„. 

2. The case G = G§P 2 „, n > 1. The group G is a quotient of Gm x Sp 2 „ by the diagonally 
embedded {±1}. Realise G as the subgroup of GL(A:^”) preserving up to a scalar the bilinear 
form given by the matrix 

f 0 En\ 

\-En 0 J’ 

where En is the unit matrix of GL„. 

The maximal torus T of G is {(yi,... ,y 2 n) \ ViVn+i does not depend on i}. Let e* G A be 
the caracter that sends a point of T to y^. The roots are 

R = {±aij {i < j €l,...,n), ±f3ij (i < j G 1,..., n)}, 

where ctij = e* - ej and Pij = e* - in+j. 

We have A = {(ai,..., a 2 n) \ cti + CLn+i does not depend on i}. The weight latice is 

A = 1?^/\ei -|- Cn+i — Cj — ^n+j: i < j} 


27 


Let Cj denote the standard basis of The coroots are 

R = {±aij {i < j € 1,... ,n), ±f3ij {i < j e I,..., n)}, 

where = e* + e^- - e^+j - Cn+j for i < j and (3^ = e* - Cn+i- Besides, aij = e* + Cn+j -ej- Cn+i- 

Fix positive roots 

= {aij {i < j €l,...,n), j^ij (i < j G 1 ,..., n)} 

Then the simple roots are di 2 , • • •, dn-i,n and j3n,n- 

For 1 < i < n pick the fundamental weight Coi corresponding to the simple coroot 
to be tDj = (1,... , 1,0... , 0), where 1 appears i times, and 0 appears 2n — i times. Let the 
fundamental weight Con corresponding to Pn,n be Wn = ( 1 , • • •, 1 , 0 ,... , 0 ), where 1 appears n 
times. The orthogonal to the coroot latice is the subgroup ZCoq with ojq = (1,0,... , 0; 1,0,... , 0). 
All our conditions are satisfied and 7 = (1,..., 1; 0,... , 0) (here 1 appears n times). 

For 1 < i < n let 7 ^ = (2,... , 2,1,..., 1; 0,... , 0,1,... , 1), where 2 appears i times then 
1 appears n — i times then 0 appears i times and finally 1 appears n — i times. The element 
(jj = (1,...,1) G A generates the group of coweights orthogonal to all roots. The semigroup 
g is the Z_|_-span of 7 , 71 ,... , 7 n-i,w. In fact, these n + 1 elements are linearly independent 
in A, so Ag g ^ (Z_|_)”'*'^. 

Note that is the spinor representation of GSpin 2 „_|_i of dimension 2”. We have 


n —1 

^ i/7:=^y27 0 0 ^ y7i 

i=l 

and dimF'^'i = 2n+l. Besides, G 7 y 7 i+(*-i)‘^ for f = 1,... ,n —1 and C 7 y 27 +(n-i)i^^ 

There is an exact sequence 1 —> Gm G ^ S 02 n+i ^ 1, and comes from the standard 

representation of S 02 „+i. 

3. The case G = G§pin 2 „+i, n > 1. The group G is the quotient of Gm x Spin 2 „_i_i by 
the diagonally embedded {±1}. We have G ^ GSp 2 „, the root data for G is dual to that of 
example 2. Interchanging the role of objects and coobjects in example 2, we get 

A — Z / {cj T dj ^n+j ) f ^ j } 

where (cj) is the standard basis of Z^”. The weight lattice is 

A = {(oi,..., a 2 n) G I di + Qn+i does not depend on 1 } 

Define u)i as follows. For 1 < i < n let 

cDi = (2 ,...,2,l,...,l;0,...,0,l,...,l) G A 

where 2 appears i times then 1 appears n — i times then 0 appears i times and finally 1 appears 
n — i times. Let oJn = (1, • • • > 1; Oj • • • > 0) where 1 appears n times. Let tDo = (1,..., 1). 
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All the conditions are satisfied and 7 = (1,0 ,..., 0) G A. 

For 1 < z < n let 7 j = (1,..., 1,0,... , 0) G A, where 1 appears i times and 0 appears 2n — i 
times. The group of coweights orthogonal to all roots is Zcu with uj = (1,0,...,0;1,0,...,0), here 
1 appears on the first and (n + l)-th places. The semigroup A^ ^ is the Z+-span of 71 ,..., 7 ^, a;. 
These n + 1 elements are linearly independent in A, so A^ (Z_|_)"'"*“^. 

We have = IAT'2 0 _ 'j’q assure condition (A) of Conjecture ^ it suffices to require 

that is irreducible and has no local subsystems of rank one. 

4. The case H = Spin 2 „, n > 3 odd. We have 

Ah = {(fli, • • • ,o,n) G (—Z)” I Oj — Qj G Z} 
and Ah = {(“i, • • •, On) G Z” | oi + ... + a„ is even}. The roots are 

R = {±aij,±$ij {I <i <j < n)} 
with Oij = Si — Cj and Pij = Cj + ej. The coroots are 

R = {±aij,±f5ij {l<i <j < n)} 

with aij = ei — ej and Pij = Cj + ej. Pick positive roots R = {ctij, $ij (1 < i < j < n)}. Then 
simple roots are 

dl2) • • • ) A.n—\^ni Pn—l,n 

We have Qh = {(ai, • • • j On) G Z” | ai + ... + is even}, 

Qh = {(fli, • • •, CLn) G (—Z)” I Uj — aj G Z} 

There are two possible choices for 'jh, namely jh = or ^h = f^e 

fundamental coweights corresponding to $n-i,n or to cin-i,n respectively. 

5. The case Eq. So, H is the simply-connected group corresponding to Eq root system. There 
are two possible choices for '^h-, namely cui or cug, the fundamental coweights corresponding to 
the simple roots di and dg ™ the Bourbaki table (PQ, Ch. 6, no. 4.12, p.219). 

6. The case Ej. So, H is the simply-connected group corresponding to Ej root system. Take 
"jH to be the fundamental coweight ujj corresponding to the root dr in the Bourbaki table (P, 
Ch. 6, no. 4.11, p. 217). 
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